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Abstract. Penrose suggested that issues with the origin of the second law of
thermodynamics and the remarkable homogeneous and isotropic nature of the universe
on large scales can be resolved with a concept of an entropy for gravitational fields
captured by the Weyl curvature tensor. This has led to various proposals for an entropy
density for gravity constructed from the Weyl tensor. In this paper, we investigate one
such proposal by using it to calculate the entropy of a black hole in Gauss-Bonnet
gravity and compare it to the Bekeinstein-Hawking entropy of a black hole.
1. Introduction
1.1. Outline
Motivated by Penrose’s Weyl curvature conjecture (see section 1.3), various candidates
for an entropy density for gravity constructed from the Weyl tensor were proposed
[1, 2, 3, 4]. The simplest of these proposals was investigated in 5-dimensions by
integrating the entropy density over a spacelike hypersurface and comparing it with
the standard Bekenstein-Hawking entropy of black holes [5, 6]. The following integral
was computed∫
Σ
CµνλρC
µνλρdV4 ≈ 48π2
(
R5
lp
)3
, (1)
where Cµνλρ is the Weyl tensor, R5 and lp is the Schwarzschild radius and Planck length
respectively. This integral should be interpreted as integrating an entropy density over
a spacelike hypersurface Σ. The integral up to a multiplicative constant agrees with the
Bekenstein-Hawking entropy of black holes.
If proposals for entropy densities are valid, then we could in principle use them to
evaluate the entropy of spacetime geometries other than just over the Kerr-Newman
metric. This could give us an insight into what gravitational entropy is and may lead
to a better understanding of various issues like the information paradox associated with
black hole evaporation [7].
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In this paper, we extend the work done in ref[5] and find that when the analysis
is replicated for 5-dimensional Gauss-Bonnet gravity, there are issues with interpreting
CµνλρC
µνλρ as an entropy density. This may indicate that a different candidate for an
entropy density is required for Gauss-Bonnet gravity.
1.2. Entropy and the Generalized Second Law
The second law of thermodynamics states that in an isolated system the entropy, S,
never decreases:
dS
dt
≥ 0. (2)
Originally, entropy was considered as a new extensive thermodynamic property obeying
Eq.(2). But later, Ludwig Boltzmann showed that entropy could be understood as
the logarithm of the number of different microstates, W , compatible with a given
macrostate,
S = ln(W ). (3)
‡ Boltzmann’s approach informs our modern understanding of entropy and of the second
law as fundamentally probabilistic.
In order for the second law of thermodynamics to be valid in the presence of black
holes, Jacob Bekenstein proposed that black holes must possess nonzero entropy [8].
Stephen Hawking later confirmed Bekenstein’s idea and showed that black holes must
have a temperature and radiate as black bodies [7]. The Bekenstein-Hawking entropy
of black holes in general relativity is
SBH =
A
4G~
. (4)
The generalized entropy [9]
Sgen = SBH + Sout, (5)
where Sout is the entropy outside the black hole can be considered as the total entropy
of a system when both black holes and matter are present. There is mounting evidence
to suggest that classically and semi-classically, Sgen is never decreasing [10, 11]. This
is known as the generalized second law (GSL) and supersedes the usual second law of
thermodynamics.
Many expect that fundamentally, the origin of Sgen and GSL is statistical in nature,
as with the usual notion of entropy. But perhaps its origin lies elsewhere and our notion
of entropy needs modification. Any insights we can gain about the entropy of black
holes and other spacetime geometries may provide hints towards the nature of quantum
gravity.
‡ We have set the Boltzmann constant (kB = 1).
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1.3. Weyl curvature conjecture
Understanding black hole thermodynamics and the realization that they have entropy
has been important in understanding the status of the second law of thermodynamics
and the need to generalize it (GSL). However, no universally agreed generalization for the
entropy has been found for other spacetimes. Addressing this issue could help explain
the apparent violation of the second law of thermodynamics on cosmological scales
[12, 13]. It seems that the universe today has evolved from a remarkably homogeneous
and isotropic initial state to a non-equilibrium state which includes complex structures
like stars and galaxies. Small perturbations in the initial state grew as a result of gravity
and caused structures to form. For gravitational interactions to be made compatible
with the second law of thermodynamics, Penrose suggested that gravitational fields
should have an associated entropy [13]. Such a concept if correct could lead to a further
generalization of the GSL and explain the homogeneous and isotropic nature of the
universe.
The Weyl tensor Cµνλρ is the trace-free part of the Riemann tensor and in an n-
dimensional spacetime, the Riemann tensor can be decomposed into its trace-free and
trace part:
Rµνλρ =
1
n− 2(gµλRνρ + gνρRµλ − gνλRµρ − gµρRνλ)
+
1
(n− 1)(n− 2)(gµρgνλ − gµλgνρ)R + Cµνλρ, (6)
where Rµνλρ is the Riemannn tensor, Rµν is the Ricci tensor, R is the Ricci scalar and
gµν is the metric.
The Einstein field equation relates the curvature of spacetime to the matter content
of spacetime, or more precisely
Rµν − 1
2
Rgµν = 8πGTµν , (7)
where G is the gravitational constant and we have set the speed of light c = 1. The
left hand side of this equation only involves the Ricci tensor and Ricci scalar and hence
locally, the Weyl tensor is independent of the energy momentum tensor. It represents
gravitational effects such as tidal effects and gravitational waves. Thus it seems plausible
that information encoded in the Weyl tensor is related to the thermodynamics of gravity.
The Weyl tensor also vanishes if and only if the spacetime is conformally flat in
spacetimes with dimension n > 3. Hence initially, in 4 or higher dimensions, when the
universe was homogenous and isotropic, the Weyl tensor vanished and grew afterwards as
complex structures formed. This motivated Penrose to conjecture (The Weyl curvature
conjecture) that the low entropy content of the universe is related to the vanishing of
the Weyl tensor [13, 14, 15, 16].
To realize Penrose’s conjecture, candidates for an entropy density for gravity has
been proposed using the Weyl tensor [1, 2, 3, 4]. For example the simplest such entropy
density below uses a scalar constructed from the Weyl tensor;
P 2 = CµνλρCµνλρ. (8)
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In 4-dimensional spacetime, this can not be interpreted as an entropy density but can be
in 5 dimensions, at least from a dimensional analysis point of view§. This proposal in 5
dimensions was investigated by the authors of ref[5] to see if it reproduced the standard
Bekenstein-Hawking entropy of black holes. They showed that on a Schwarzschild metric
in 5-dimensional spacetime,∫
Σ
CµνλρC
µνλρdV4 = 48π
2

((R5
lp
)3
+
2R5
lp
)√
1−
(
lp
R5
)2
+ 2


≈ 48π2
(
R5
lp
)3
(9)
to highest order‖ in R5
lp
, where R5 >> lp is the Schwarzchild radius and Planck length
respectively, and Σ is the spacelike hyper-surface orthogonal to the timelike Killing
vector. Hence in 5 dimensions this integral is dimensionless and up to a multiplicative
constant agrees with the Bekenstein-Hawking entropy of black holes (Eq.(4)).
Any proposal for an entropy density must be able to recover the standard entropy
of black holes. In this paper, we also investigate Eq.(8) using methods similar to those
of ref[5], but in 5-dimensional Gauss-Bonnet gravity.
2. Gauss-Bonnet gravity
Lovelock theories of gravity are a class of generalizations of general relativity in n-
dimensional spacetime which gives second order equations of motion for the metric [17].
In 4 dimensions, the Einstein field equations (Eq.(7)) with a cosmological constant are
the unique class of Lovelock theories.
In 5 dimensions, Gauss-Bonnet gravity is the most general Lovelock theory. Setting
c = 1, the action for Gauss-Bonnet gravity is given by [18, 19]
1
16πG
∫
d5x
√−g(R + α(R2 − 4RµνRµν +RµνλρRµνλρ)), (10)
where α is an arbitrary constant with dimensions of [length]2. The (R2 − 4RµνRµν +
RµνλρRµνλρ) term in 4 dimensions is a topological term which can be removed from
the action without affecting the equation of motion. But in 5 dimensions, this term
in general can not be removed. These higher-curvature terms may arise from quantum
gravity corrections so we will assume α
l2p
≈ 1.
We work with the following family of static vacuum (black hole) solutions for 5-
dimensional Gauss-Bonnet gravity [18, 19]
ds2 = −F (r)2dt2 + 1
F (r)2
dr2 + r2dΩ2, (11)
§ We set the Boltzmann constant to 1 so that entropy densities have units of [volume]−1
‖ Lower orders in R5
lp
were dropped since corrections to Bekenstein-Hawking entropy to these orders
may require a full description of quantum gravity in the regime when R5 ≈ lp. When R5 >> lp, we
expect the lower order terms to be suppressed. In other words, we restrict our analysis to large black
holes.
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where dΩ2 is the metric on the S3 sphere and
F 2(r) = k +
r2
4α
(
1−
√
1 +
128πGαM
3Σkr4
+
4αΛ
3
)
(12)
with Σk being the volume of the 3-sphere and Λ the cosmological constant. k can
be either −1, 0 or 1 although k = −1 and k = 0 are only possible when Λ < 0. M
parametrizes the family of solutions and is also the mass of the black hole. For simplicity,
we now set k = 1 and Λ = 0 unless explicitly stated. Our calculations are independent
of this choice. See Appendix B for more details.
To first order in α, F 2(r) = f 2(r) + α
M2
1
8r6
with f 2(r) =
(
1− M1
4r2
)
and the Weyl
invariant to first order in α is
CµνλρC
µνλρ =
9M21
2r8
− α21M
3
1
r12
+O(α2), (13)
where M1 =
64πGM
3Σk
.
3. Black hole entropy in Gauss-Bonnet Gravity
When the Einstein Hilbert action is modified, the expression for the black hole entropy
also needs to be modified. For a stationary black hole’s entropy in 5-dimensional Gauss-
Bonnet gravity, this is given by [19, 20]
SBH =
R35Σk
4l3p
(
1 +
12αk
R25
)
=
A
4l3p
(
1 +
12αk
R25
)
, (14)
¶ where A = R35Σk is the surface area of the horizon at r = R5 with R5 being the largest
root of F 2(R5) = 0. The expression for black hole entropy changes because the behavior
of the black hole horizon changes when the Einstein field equation is modified. This can
be seen by considering the first law of black hole mechanics [19] or via Wald’s Noether
charge method [21].
In this paper, we will work in 5 dimensions and integrate the expression∫
CµνλρC
µνλρdV4 on a spacelike hypersurface in analogy to Eq.(9) to see if we recover the
entropy of a black hole in Gauss-Bonnet gravity (Eq.(14)). This test in Gauss-Bonnet
gravity is more stringent than in general relativity as more terms need to match. By
dimensional analysis, the integral
∫
CµνλρC
µνλρdV4 to zeroth order in α can be written
as
a
(
R5
lp
)n1
+ . . . (15)
where a and n1 are constants to be determined. We only focus on the highest
order term in R5
lp
with lower order terms contained in ‘. . . ’ which we regard as small for
large black holes. We can use Eq.(9) to see that n1 = 3 and thus this reproduces the
¶ We have explicitly reintroduced the parameter k and Λ for this expression. Also note that the black
hole entropy is independant of Λ.
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expression for black hole entropy (Eq.(14)) up to a multiplicative constant (at zeroth
order in α). This result will be reproduced in the next section.
Similarly, to first order in α, the integral
∫
CµνλρC
µνλρdV4 can be written as
b
α
R25
(
R5
lp
)n2
+ . . . (16)
where b and n2 are constants to be determined with lower order terms in
R5
lp
ignored.
For Eq.(8) to pass as an entropy density in Gauss-Bonnet gravity, we must have
n1 = n2 = 3
+. However, we show below that n2 = 7.
4. Dimensional Analysis
Fortunately, we can determine n1 and n2 directly through dimensional analysis.
However, we provide a more detailed calculation in Appendix A.
We can write F 2(r) from Eq.(12) as
F 2(r) = 1− A
r2
+
αB
r6
+O(α2), (17)
and Eq.(8) as
P 2 = CµνλρCµνλρ =
D
r8
− αE
r12
+O(α2), (18)
where A, B, D and E are positive constants. Therefore, the integral
∫
CµνλρC
µνλρdV4
up to first order in α becomes
∫
CµνλρC
µνλρdV4 = 2π
2
∫ (
D
r8
− αE
r12
)
r3grrdr
= 2π2
∫ (
D
r8
− αE
r12
)
r3
|F (r)|dr. (19)
We find that the essential contribution to the above integral comes from the small
radius (i.e r → 0) (see Appendix A) . In this case, we have that
r3
|F (r)| =
r3
|1− A
r2
+ αB
r6
| 12 ≈
r3
( A
r2
− αB
r6
)
1
2
≈ Fr4 + αG (20)
where F and G are positive constants. Hence
∫
CµνλρC
µνλρdV4 ∝
∫
r≈0
(
D
r8
− αE
r12
)
(Fr4 + αG)dr
≈
∫
r≈0
(
H
r4
+
αI
r8
)
dr (21)
where H and I are constants, with H positive.
+ Also, b = 12a
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The classical theory of general relativity and generalizations like Gauss-Bonnet
gravity are expected to break down at extremely small radii where we expect a quantum
theory of gravity to have large effects. In particular, these theories are invalid at the
spacetime singularity (r = 0) so we bound the integral below by Planck’s constant lp
in Eq.(21). In this case, we find that the essential contribution∗ to the integral comes
from the r ≈ lp piece which gives∫
CµνλρC
µνλρdV4 ∝ J
(
R5
lp
)3
+K
α
R25
(
R5
lp
)7
(22)
where J and K are constants. We plugged back the black hole radius R5 in this
expression to emphasize that the integral is dimensionless. This shows that n1 = 3
and n2 = 7. Since n2 6= 3, we find that the integral above does not reduce to the
expected expression for black hole entropy in Gauss-Bonnet gravity (Eq.(14)) at order
α. Thus Eq.(8) is not a valid entropy density for Gauss-Bonnet gravity.
5. Discussion
The second law of thermodynamics is one of the most important in physics because
of its wide range of applicability. For this to be valid when a system includes a black
hole, one has to assign an entropy to the black hole, SBH . If the notion of black
hole entropy can be extended to other spacetimes and cosmological settings, then the
apparent violation of the second law of thermodynamics on cosmological scales maybe
resolved [12, 13]. Penrose conjectured that the initially low entropy of the universe is
related to the vanishing of the Weyl tensor. Motivated by this, various proposals for an
entropy density constructed from the Weyl tensor have been suggested to realize this
conjecture [1, 2, 3, 4]. In 5 dimensions, the simplest scalar constructed from the Weyl
tensor was proposed as an entropy density (see Eq.(8)) and investigated in ref[5]. They
found that this entropy density recovers the Bekenstein-Hawking entropy of black holes.
When we replicated this investigation in Gauss-Bonnet gravity, a generalization of
general relativity, the proposed entropy density failed to recover the standard black hole
entropy at order O(α). By dimensional analysis, we see that this is due to the term
(−21αM13
r12
) in Eq.(13) which ultimately leads to n2 = 7 6= 3 in Eq.(16). For the entropy
density to reproduce the black hole entropy, we require n1 = n2 = 3. In other words,
we require the entropy density s to take the following form;
s =
L
r8
+
Nα
R25r
8
+O(α2). (23)
where L and N are some constants. Other candidates for an entropy density multiply
Eq.(8) by scalars constructed from other curvature terms [1, 2]. An example of such a
candidate is
P ′2 = CµνλρCµνλρ/R
γ
δR
δ
γ . (24)
∗ The essential contribution are the highest order non-zero terms in R5
lp
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By dimensional analysis, none of these candidates can change the form of the entropy
density from Eq.(13) to Eq.(23).
In Gauss-Bonnet gravity, the Einstein field equations are modified so that the Weyl
tensor couples to the energy momentum tensor and is not necessarily locally independent
of the matter content in spacetime. This and our investigation above suggests that the
Weyl tensor may need to be replaced in alternative theories of gravity with some other
tensor constructed from the Riemann tensor which is locally independent of the matter
content.
In vacuum with the cosmological constant set to zero (Λ = 0), only the gravitational
degrees of freedom are involved, so we expect the Riemann tensor to represent only these
degrees of freedom. Additionally, in general relativity, vacuum solutions with Λ = 0 lead
to Rµν = 0 and so Cµνλρ = Rµνλρ. Thus, in vacuum with Λ = 0,
P 2 = CµνλρCµνλρ = R
µνλρRµνλρ. (25)
In Gauss-Bonnet gravity, even if the Weyl tensor needs to be replaced by curvature
terms locally independent of the matter content, we still expect the Riemann tensor to
represent only the gravitational degrees of freedom in a vacuum with Λ = 0. Thus one
may expect that in vacuum with Λ = 0,
P 2 = C˜µνλρC˜µνλρ = R
µνλρRµνλρ (26)
where C˜µνλρ is the conjectured curvature term locally independent of the matter content
replacing the Weyl tensor. However, for the black hole solutions in Gauss-Bonnet gravity
with Λ = 0, we find that
∫
RµνλρR
µνλρdV4 =
∫
CµνλρC
µνλρdV4 up to first order in α so
our results don’t change. Thus, the issues resulting from dimensional analysis would
still need to be tackled head on.
Another issue with Eq.(13) is that it leads to an expression for the black hole
entropy, which is independent of the k parameter (see Appendix B). This is incompatible
with the standard black hole entropy, Eq.(14), as it depends on k.
We expect that some of these issues could be resolved if the entropy density is a
sums of scalars built from curvature terms locally independent of the matter content.
For example, using a Bel-Robinson-like tensor for Gauss-Bonnet to find a “super-energy-
momentum tensor” [4] may help in building the curvature terms that would replace its
Weyl tensor counterpart.
Additionally any curvature term locally independent of the matter content that
is to replace the Weyl tensor in Gauss-Bonnet gravity would need to be checked that
it satisfies similar properties to those discussed in section (1.3), which motivated the
Penrose Weyl curvature conjecture in the first place. We leave this to future work.
Finally, we note that the expression for the entropy density in Eq.(13) includes
a negative contribution proportional to α which dominates for lp < r / (α
1
2R5)
1
2 ≈
(lpR5)
1
2 where the upper bound can be large for large black holes. This further shows
that the entropy density needs modification in Gauss-Bonnet gravity since a negative
entropy density is not physically meaningful. We hope that future work on finding a
suitable replacement to Eq.(13) will resolve this issue.
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One may worry that this analysis was artificially restricted to 5-dimensions.
However, using similar methods, one could test other proposals in other dimensions,
provided the constructed entropy density via the Weyl tensor has the correct physical
dimension. For instant, one could investigate P˜ (N) := (CabcdC
abcd)
N−1
4 = P
N−1
2 instead
of Eq.(8) as an entropy density in N -dimensions. To test Gauss-Bonnet gravity, a
5-or higher-dimensional spacetime is required for a non-trivial test because in lower
dimensions Gauss-Bonnet gravity reduces to general relativity. In higher dimensions,
non-trivial tests could also be conducted in other Lovelock theories of gravity, which
are further generalizations of general relativity and Gauss-Bonnet gravity. We expect
similar issues to arise in these cases as well.
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Appendix A.
Evaluation of
∫
CµνλρC
µνλρdV4
Evaluating
∫
CµνλρC
µνλρdV4 using the expression in Eq.(13), we find to first order in α
that ∫
CµνλρC
µνλρdV4 =
∫
CµνλρC
µνλρr3|grr| 12drdΩ3
= 2π2
∫
CµνλρC
µνλρr3|grr| 12dr
= 2π2
∫
CµνλρC
µνλρ r
3
|F (r)|dr
≈ 2π2
∫
CµνλρC
µνλρr3
∣∣∣∣∣ 1(1− M1
4r2
)
1
2
− α M
2
1
4r4(−M1 + 4r2)(1− M14r2 )
1
2
∣∣∣∣∣ dr
≈
[
2π2
∫ R5
lp
9M21
2r8
r3
dr
(−1 + M1
4r2
)
1
2
+ 2π2
∫
∞
R5
9M21
2r8
r3
dr
(1− M1
4r2
)
1
2
− 2απ2
∫ R5
lp
dr
(−1 + M1
4r2
)
1
2
(
9M21
2r8
r3
M21
4r4(−M1 + 4r2) +
21M31
r12
r3
)
− 2απ2
∫
∞
R5
dr
(1− M1
4r2
)
1
2
(
9M21
2r8
r3
M21
4r4(−M1 + 4r2) +
21M31
r12
r3
)]
+O(α2) (A.1)
An exploration of the black hole entropy in Gauss-Bonnet gravity via the Weyl tensor10
where
∫
dΩ3 = 2π
2 is the solid angle in 3-dimensional space and we made the following
approximation
| 1
(1− M1
4r2
)
1
2
− α M
2
1
4r4(−M1 + 4r2)(1− M14r2 )
1
2
|
≈ 1|1− M1
4r2
|
1
2
(
1− α M
2
1
4r4(−M1 + 4r2)
)
. (A.2)
This approximation breaks down near r = R5. We find that our conclusions are
unaffected by this breakdown although we briefly discuss below how to treat the integral
near this point.
At zeroth order in α,
∫
CµνλρC
µνλρdV4 approximately reduces to the same expression
as given in Eq.(9), as expected. The integral at order O(α) does not converge since the
integral
∫ (
1− M1
4r2
2
)
−
3
2
is divergent near R5 (the black hole horizon). But this point
is where the approximation we used in Eq.(A.2) breaks down. One could evaluate the
integral above near R5 by considering this piece separately and replacing Eq.(A.2) with
a better approximation. However, since we only need to pick out the piece to highest
order in R5
lp
, we do not evaluate the integral for all these pieces and instead focus on the
piece that gives the n2 contribution:
2απ2
∫ R5
lp
1+ǫ

 9M41 o9
32R105 (−1 + M1o24R2
5
)
3
2
− 21M
3
1 o
7
R55(−1 + M1o24R2
5
)
1
2
do

→
2α
R25
π2
∫ R5
lp

 9M41 o9
32R85(
M1o2
4R2
5
)
3
2
− 21M
3
1 o
7
R35(
M1o2
4R2
5
)
1
2
do


≈ K α
R25
(
R5
lp
)7
, (A.3)
♯ where we substituted r with r = R5
o
and K is some constant.
Note that the essential contribution from the integral comes from o ∝ 1/lp or for r
small.
Appendix B.
General k and Λ
For general k and Λ, we find that
CµνλρC
µνλρ =
(−2kr2 + 2r2 + 3M1)2
2r8
− α6(Λr
4 + 7M1
2
)(M1 − 2(k−1)r
2
3
)M1
r12
(B.1)
♯ A small term ǫ was introduced to avoid the coordinate singularity.
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and
1
F (r)
=
2√
4k − 1
3
2Λr2 − M
r2
+ α
(2Λr4 + 3M)
2
2r4
√
36k − 6Λr2 − 9M
r2
(−12kr2 + 2Λr4 + 3M)
(B.2)
to first order in α. However the essential contribution to the integrals in section 4 comes
from small radius (i.e r → 0). In this case, we find that for small r, the expression above
approximately reduce to the case when k = 1 and Λ (i.e. independent of k and Λ).
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